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THE GROWTH RATE OF HARMONIC FUNCTIONS
GUOYI XU
Abstract. We study the growth rate of harmonic functions in two aspects: gra-
dient estimate and frequency. We obtain the sharp gradient estimate of positive
harmonic function in geodesic ball of complete surface with non-negative curva-
ture. On complete Riemannian manifolds with non-negative Ricci curvature and
maximal volume growth, further assume the dimension of the manifold is not
less than three, we prove that quantitative strong unique continuation yields the
existence of non-constant polynomial growth harmonic functions. Also the uni-
form bound of frequency for linear growth harmonic functions on such manifolds
is obtained, and this confirms a special case of Colding-Minicozzi’s conjecture
on frequency.
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1. Introduction
This paper studies the harmonic function’s growth rate on manifolds and its re-
lated application. Unless otherwise mentioned, all manifolds in this paper have
non-negative Ricci curvature. By Yau’s Liouville theorem, any positive harmonic
functions on complete manifolds with non-negative Ricci curvature is constant
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function. We firstly study the positive harmonic functions defined on a unit ge-
odesic ball. Note if we do scaling on manifolds with non-negative Ricci curvature,
the unit geodesic ball case can be extended to general geodesic ball case. We get
the following results characterizing the ‘largest’ positive harmonic functions in the
geodesic ball. Define H+ as the set of positive harmonic functions u defined on
B1(p) with u(p) = 1, where B1(p) ⊆ Mn is the geodesic ball centered at p with
radius = 1.
Theorem 1.1. For any s ∈ [0, 1), there exists us ∈ H+ such that
sup
y∈∂Bs(p)
us(y) = max
u∈H+
sup
y∈∂Bs(p)
u(y).
Furthermore there exists xs ∈ ∂B1(p) (possibly not unique) such that us(y) =
P(xs, y)
P(xs, p)
.
Motivated by the gradient estimate of Cheng and Yau [CY75], we study the
largest growth rate of positive harmonic functions in a unit geodesic ball. So far
we can only prove the sharp gradient estimate on surfaces.
Theorem 1.2. Assume u : B1(p) → R+ is a harmonic function, where M2 is a
Riemannian manifold with Rc ≥ 0 and B1(p) ⊆ M2 is a geodesic ball centered at
p with radius = 1, then sup
x∈Bs(p)
|∇u|
u
≤ 1
1−s +
1
1+s
for any s ∈ [0, 1).
The model of the above theorem is the sharp gradient estimate obtained on Rn,
which is exactly the gradient estimate of the corresponding Poisson kernel on the
unit ball. The sharp gradient estimate we are looking for, is one step to reveal the
largest growth rate of positive harmonic function on the geodesic balls of complete
manifolds with Rc ≥ 0, which is motivated by the study of polynomial growth
harmonic function’s frequency. For higher dimensional manifolds (the dimension
is greater than 2), this type sharp gradient estimate is unknown so far.
It is well known that on any complete noncompact manifold, there always exist
nonconstant harmonic functions (see [GW75]). The proof of such existence result
is based on the classical unique continuation for harmonic functions. The fre-
quency for harmonic function was firstly introduced by Almgren [Alm79]. Later
Garofalo and Lin [GL86] used the bound on frequency to prove the unique contin-
uation, which partly revealed the deep connection between the existence problem
and the bound on frequency.
The polynomial growth harmonic functions are important harmonic functions.
Yau [Yau87] conjectured: on a complete manifold with Rc ≥ 0, the space of
harmonic functions with polynomial growth is finite dimensional. In 1997, this
conjecture was completely proved by Colding and Minicozzi [CM97b] (also see
[Li97], [CM98a], [CM98b] for further developments).
Sormani [Sor00] proved that the existence of any nonconstant harmonic func-
tions with polynomial growth on linear volume growth manifolds with Rc ≥ 0
leads to the splitting of the manifolds. This can be used to construct the mani-
folds with Rc ≥ 0, which does not admit any nonconstant harmonic functions with
polynomial growth.
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For a complete Riemannian manifold Mn with Rc ≥ 0, define VM = lim
r→∞
Vol(Br(p))
ωnrn
;
if VM > 0, we say that M
n has maximal volume growth. Although Yau’s conjec-
ture was confirmed, we do not know whether there always exists a non-constant
polynomial growth harmonic function on Mn with maximal volume growth. In the
rest of the introduction, we assume Mn has maximal volume growth and n ≥ 3.
Colding and Minicozzi [CM97a] introduced a slightly different frequency func-
tion Fu(r) for harmonic function u on M
n, and obtained some local estimates
of Fu(r). Furthermore, they [CM97c] made the following conjectures about fre-
quency of harmonic functions.
Conjecture 1.3. (a) If u is a non-constant polynomial growth harmonic func-
tion on Mn, then Fu(r) is uniformly bounded.
(b) (Quantitative strong unique continuation). Suppose B2r(p) ⊆ Mn for some
p ∈ Mn, and u is a harmonic function on B2r(p) with sup
s∈[r,2r]
Fu(s) ≤ d,
where d > 0 is some constant; then there exists C = C(n, d,VM) such that
sup
s∈[0,r]
Fu(s) ≤ C.
In this paper, we prove the following theorem revealing the relation between the
existence of polynomial growth harmonic function and quantitative strong unique
continuation conjecture.
Theorem 1.4. If the quantitative unique continuation holds on Mn, then there ex-
ists a non-constant polynomial growth harmonic function.
And we also confirm part (a) of Conjecture 1.3 for linear growth harmonic func-
tion in the following theorem.
Theorem 1.5. If u is a linear growth harmonic function on Mn, then sup
r≥0
Fu(r) ≤
C(Mn, p).
The organization of this paper is as the following. In part I, we study the har-
monic functions defined in a geodesic ball with non-negative Ricci curvature. Es-
pecially, we give the sharp gradient estimate of positive harmonic functions, by
detailed study of Poisson kernel in the geodesic ball.
In part II, we study the sufficient condition guaranteeing the existence of poly-
nomial growth harmonic functions on the whole complete Riemannian manifold
in section 4. Then we prove any linear growth harmonic functions has bounded
frequency in section 5. The key of the proof is the asymptotic mean value equality
proved by Li [Li86], which provides us the uniform control of u near the infinity of
the manifolds. Finally, we show the existence of non-constant polynomial growth
harmonic functions on Perelman’s example manifolds, which has maximal volume
growth and non-unique tangent cones at infinity.
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Part I. Positive harmonic functions in a geodesic ball
In this part, letG(x, y) be the positive Dirichlet Green’s function of B1(p) and ~nx
is the inward unit normal vector of ∂B1(p) at x. Then for n ≥ 2, we have
P(x, y) =
∂G(x, y)
∂~nx
, ∀x ∈ ∂B1(p), y ∈ B1(p),
where P(x, y) is the Poisson kernel of B1(p).
2. Positive harmonic function and Poisson kernel
Let α = n(n − 2)ωn, where ωn is the volume of the unit ball B1(0) ⊆ Rn.
Proof: [of Theorem 1.1] From Cheng-Yau’s gradient estimate, we know that
sup
Bs(p)
|∇u|
u
≤ C(n)
1 − s , s ∈ [0, 1).
Hence there exists h(s) := sup
u∈H+
x∈Bs(p)
u(x) < ∞. From the compactness theorem of
bounded harmonic functions, there exists us ∈ H+ such that
sup
x∈Bs(p)
us(x) = h(s), s ∈ [0, 1).
Similar to [ABR01, Corollary 6.15], there exists a measure dµs on ∂B1(p) such
that us(y) =
∫
∂B1(p)
P(x, y)dµs(x), where P(x, y) is the Poisson kernel of B1(p).
From us(p) = 1, we obtain
∫
∂B1(p)
P(x, p)dµs(x) = 1. Then
us(y) =
∫
∂B1(p)
P(x, y)dµs(x) ≤ sup
x∈∂B1(p)
P(x, y)
P(x, p)
·
∫
∂B1(p)
P(x, p)dµs(x)
= sup
x∈∂B1(p)
P(x, y)
P(x, p)
.
Furthermore, the equality holds if and only if dµs(x) =
1
P(x,p)
PE(y)(x), where
PE(y)(x) is a probability measure on E(y) =
{
x˜ ∈ ∂B1(p) : P(x˜, y)
P(x˜, p)
= sup
x∈∂B1(p)
P(x, y)
P(x, p)
}
.
And we define ψ(y) ∈ ∂B1(p) such that
P(ψ(y), y)
P(ψ(y), p)
= sup
x∈∂B1(p)
P(x, y)
P(x, p)
. Note that
ψ(y) possibly is not unique.
There exists ys ∈ ∂Bs(p) such that us(ys) = sup
y∈Bs(p)
us(y). Also there exists xs ∈
∂B1(p) such that
P(xs, ys)
P(xs, p)
= sup
x∈∂B1(p)
P(x, ys)
P(x, p)
. Define vs(y) =
P(xs, y)
P(xs, p)
: B1(p) →
R
+, then vs ∈ H+ and
h(s) ≥ sup
y∈Bs(p)
vs(y) ≥ sup
y∈Bs(p)
us(y) = h(s).
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Especially, one gets sup
x∈∂B1(p)
P(x, ys)
P(x, p)
= us(ys) = h(s).
From the above, we get dµs(x) =
1
P(x, p)
PE(ys)(x), which implies
us(y) =
∫
∂B1(p)
P(x, y)dµs(x) =
P(ψ(ys), y)
P(ψ(ys), p)
.

Lemma 2.1. On Mn with n ≥ 2, assume u is a positive harmonic function on
B1(p) ⊆ Mn, then for any s ∈ [0, 1),
sup
y∈Bs(p)
|∇ ln u|(y) ≤ sup
x∈∂B1(p)
sup
y∈Bs(p)
|∇y ln P(x, y)|.
Proof: For any ǫ > 0, let Gǫ(x, y) be the Dirichlet Green’s function of B1−ǫ(p),
then for any y ∈ ∂Bs, we have u(y) =
∫
∂B1−ǫ
u(x)Pǫ (x, y)dx, where Pǫ(x, y) =
∂Gǫ(x,y)
∂~nx
. We get
|∇u(y)|
u(y)
=
∣∣∣∣ ∫∂B1−ǫ u(x)∇yPǫ(x, y)dx∣∣∣∣∫
∂B1−ǫ
u(x)Pǫ (x, y)dx
≤ sup
x∈∂B1−ǫ
∣∣∣∣∇yPǫ(x, y)∣∣∣∣
Pǫ(x, y)
Letting ǫ → 0 in the above, we have
|∇u(y)|
u(y)
≤ sup
x∈∂B1
∣∣∣∣∇yP(x, y)∣∣∣∣
P(x, y)
.(2.1)
The conclusion follows from the above. 
Now, we have the sharp gradient estimate on Rn.
Corollary 2.2. On Rn with n ≥ 2, assume u is a positive harmonic function on B1,
then sup
y∈Bs
|∇u|
u
(y) ≤ n−1
1−s +
1
1+s
for any 0 ≤ s < 1. Furthermore, the equality holds if
and only if u(y) =
1−|y|2
nωn |x0−y|n for some x0 ∈ ∂B1(0).
Proof: Step (1). Recall we have the Poisson kernel P(x, y) of B1(0) has the
following expression:
P(x, y) =
∂G(x, y)
∂~nx
=
1 − |y|2
nωn|x − y|n
, ∀x ∈ ∂B1(0), y ∈ B1(0)
It is straightforward to get
|∇y ln P(x, y)|2 =
2n − 2(n − 2)s2
(1 − s2)2 +
n(n − 2)
1 + s2 − 2xy , ∀x ∈ ∂B1, y ∈ ∂Bs
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Hence
sup
x∈∂B1
y∈∂Bs
|∇yP(x, y)|
P(x, y)
= sup
x∈∂B1
y∈∂Bs
√
2n − 2(n − 2)s2
(1 − s2)2 +
n(n − 2)
1 + s2 − 2xy
=
√
2n − 2(n − 2)s2
(1 − s2)2 +
n(n − 2)
1 + s2 − 2s =
n − 1
1 − s +
1
1 + s
We conclude sup
x∈∂B1
y∈Bs
|∇yP(x,y)|
P(x,y)
= n−1
1−s +
1
1+s
by the fact that n−1
1−s +
1
1+s
is increasing in s.
Combining the above with Lemma 2.1, the first conclusion follows.
Step (2). If the equality holds for some u, then we can assume that |∇ ln u(y0)| =
n−1
1−s +
1
1+s
for some y0 ∈ ∂Bs. From (2.1), we have
n − 1
1 − s +
1
1 + s
= |∇ ln u(y0)| ≤ sup
x∈∂B1
∣∣∣∣∇y lnP(x, y0)∣∣∣∣ = n − 1
1 − s +
1
1 + s
(2.2)
Assume
∣∣∣∣∇y ln P(x0, y0)∣∣∣∣ = n−11−s + 11+s for some x0 ∈ ∂B1, then it is easy to see that∣∣∣∣∇y ln P(x1, y0)∣∣∣∣ < ∣∣∣∣∇y ln P(x0, y0)∣∣∣∣ for any x1 , x0. Combining this inequality with
(2.2), we get u
∣∣∣
∂B1
(y) = δx0 (y). From the Poisson formula, we have u(y) = P(x0, y).

3. Gradient estimate in geodesic balls
The following lemma is well-known. We include its proof here for complete-
ness.
Lemma 3.1. Assume u : Ω → R+ is a harmonic function, where Ω ⊂ Mn with
Rc ≥ 0, then for Q = |∇ ln u|2, we have
∆Q ≥ 2
n − 1Q
2 +
4 − 2n
n − 1 〈∇Q,∇v〉 +
n
2(n − 1) |∇Q|
2 · Q−1.
Proof: One can set v = ln u,Q = |∇v|2. Using the Bochner formula, we compute
∆Q = 2v2i j + 2Rc(∇v,∇v) + 2〈∇v,∇∆v〉 ≥ 2v2i j − 2〈∇v,∇Q〉(3.1)
where we use the fact ∆v = ∇(∇u
u
) = −|∇v|2 = −Q.
Firstly observed by Yau [Yau75], there is the following estimate for
∑
i j
v2i j,
v2i j ≥ v211 + 2
n∑
α=2
v21α +
n∑
α=2
v2αα ≥ v211 + 2
n∑
α=2
v21α +
(∑n
α=2 vαα
)2
n − 1
= v211 + 2
n∑
α=2
v21α +
(
∆v − v11
)2
n − 1 = v
2
11 + 2
n∑
α=2
v21α +
(
Q + v11
)2
n − 1
≥ n
n − 1
n∑
j=1
v21 j +
1
n − 1Q
2 +
2
n − 1Q · v11(3.2)
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Choosing an orthonormal frame {e1, · · · , en} at a point such that e1 = ∇v|∇v| ,
|∇Q|2 =
∣∣∣∇|∇v|2∣∣∣2 = 4 n∑
j=1
( n∑
i=1
vivi j
)2
= 4v21
n∑
j=1
v21 j = 4|∇v|2
n∑
j=1
v21 j = 4Q ·
n∑
j=1
v21 j
which implies
n∑
j=1
v21 j =
|∇Q|2
4Q
(3.3)
Combining the identity 〈∇|∇v|2, ∇v|∇v| 〉 = ∇e1 |∇v|2 = 2v1v11 with v1 = |∇v|, we get
v11 =
1
2v1 |∇v|
〈∇|∇v|2,∇v〉 = 1
2Q
〈∇Q,∇v〉(3.4)
From (3.2), (3.3) and (3.4),
v2i j ≥
n
4(n − 1) |∇Q|
2 · Q−1 + 1
n − 1Q
2 +
1
n − 1〈∇Q,∇v〉
combining the above estimate with (3.1), we obtain
∆Q ≥ 2
n − 1Q
2 +
4 − 2n
n − 1 〈∇Q,∇v〉 +
n
2(n − 1) |∇Q|
2 · Q−1

From the above lemma and the maximum principle, we get the following corol-
lary.
Corollary 3.2. For a positive harmonic function u on B1(p) with Rc ≥ 0, we have
sup
Bt(0)
|∇u|
u
= sup
∂Bt(0)
|∇u|
u
, ∀t ∈ (0, 1)

Lemma 3.3. For B1(p) ⊆ Mn with Rc ≥ 0, assume u : B1(p) → R+ is a posi-
tive harmonic function, then for any positive function h ∈ C∞(B1−ǫ(p)) satisfying
lim
r→1−ǫ
inf
x∈∂Br(p)
h(x) = ∞, where ǫ > 0 is a constant, we have
sup
Bs(p)
|∇u|
u
≤ sup
∂Bs(p)
√
h · sup
y∈B1−ǫ(p)
T (h)(y), ∀s < 1 − ǫ
where T (h) = n−2
2
|∇h|
h
3
2
+ 1
2
√{
(n2 − 5n + 4) |∇h|2
h3
+ 2(n − 1)∆h
h2
}+
.
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Proof: Let φ = 1
h
on B1−ǫ(p) and φ = 0 on Mn − B1−ǫ(p), then φ is a positive
cut-off function on Mn. Define P = φQ = φ|∇ ln u|2, from Lemma 3.1,
∆P = Q∆φ + 2〈∇φ,∇Q〉 + φ∆Q
≥ ∆φ
φ
P + 2φ−1〈∇φ,∇P〉 − 2φ−2|∇φ|2 · P + n
2(n − 1) |∇P|
2 · P−1
+
n
2(n − 1) |∇φ|
2φ−2 · P − n
n − 1φ
−1〈∇φ,∇P〉 − 2(n − 2)
n − 1 〈∇v,∇P〉
+
2(n − 2)
n − 1 〈∇v,∇φ〉Q +
2
n − 1φ
−1P2
Using the inequality
∣∣∣〈∇v,∇φ〉∣∣∣ ≤ |∇φ| · |∇v| = |∇φ| · φ− 12 P 12 , we get
∆P ≥ ∆φ
φ
P +
n − 2
n − 1φ
−1〈∇φ,∇P〉 + 4 − 3n
2(n − 1)φ
−2|∇φ|2 · P + n
2(n − 1) |∇P|
2 · P−1
− 2(n − 2)
n − 1 〈∇v,∇P〉 −
2(n − 2)
n − 1 |∇φ|φ
− 3
2P
3
2 +
2
n − 1φ
−1P2(3.5)
Let L1(P) := ∆P + 2(n−2)n−1 〈∇v,∇P〉 − n−2n−1φ−1〈∇φ,∇P〉 − n2(n−1) |∇P|2 · P−1, then
(3.5) is equivalent to
L1(P) ≥
(∆φ
φ
+
4 − 3n
2(n − 1)φ
−2|∇φ|2
)
· P − 2(n − 2)
n − 1 |∇φ|φ
− 32P
3
2 +
2
n − 1φ
−1P2
≥ 1
(n − 1)φ
{
(n − 1)P∆φ + 4 − 3n
2
φ−1|∇φ|2 · P − 2(n − 2)|∇φ|φ− 12P 32 + 2P2
}
Assume P(x0) = max
B1(p)
P(x), then x0 ∈ B1−ǫ(p) and L1(P)(x0) ≤ 0, we get
0 ≥ 2P(x0) − 2(n − 2) |∇φ|√
φ
P
1
2 (x0) +
(
(n − 1)∆φ + 4 − 3n
2
φ−1|∇φ|2
)
(x0)
which implies
P(x0)
1
2 ≤ n − 2
2
|∇φ|√
φ
(x0) +
1
2
√
(n2 − n) |∇φ|
2
φ
− 2(n − 1)∆φ(x0)
Putting φ = h−1 into the above, we have
P(x0)
1
2 ≤ n − 2
2
|∇h|
h
3
2
(x0) +
1
2
√
(n2 − 5n + 4) |∇h|
2
h3
+ 2(n − 1)∆h
h2
(x0) = T (h)(x0)
Then we get
sup
B1−ǫ(p)
h(x)−
1
2
|∇u|
u
(x) = P(x0)
1
2 ≤ T (h)(x0) ≤ sup
x∈B1−ǫ(p)
T (h)(x)
which implies
|∇u|
u
(x) ≤ √h(x) sup
y∈B1−ǫ(p)
T (h)(y) for any x ∈ B1−ǫ(p). Taking the
supermum of x on ∂Bs(p), we get
sup
∂Bs(p)
|∇u|
u
(x) ≤ sup
∂Bs(p)
√
h(x) · sup
y∈B1−ǫ(p)
T (h)(y), ∀s < 1 − ǫ
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The conclusion follows from the above and Corollary 3.2. 
Theorem 3.4. Assume u : B1(p) → R+ is a harmonic function, where M2 is a
Riemannian manifold with Rc ≥ 0, then sup
x∈Bs(p)
|∇u|
u
≤ 1
1−s +
1
1+s
for any s ∈ [0, 1).
Proof: When n = 2, choosing h(x) = 4
(1−ǫ−ρ(x)2)2 in Lemma 3.3, we get
sup
Bs(p)
|∇u|
u
≤ 1
2
sup
∂Bs(p)
√
h · sup
y∈B1−ǫ(p)
√
2
∆h
h2
− 2 |∇h|
2
h3
, ∀s < 1 − ǫ
By the Laplace comparison theorem, we have ∆ρ ≤ 1ρ , which yields
√
2∆h
h2
− 2 |∇h|2
h3
≤
2. Hence we get
sup
Bs(p)
|∇u|
u
≤ sup
∂Bs(p)
√
h =
2
(1 − ǫ − s2) , ∀s < 1 − ǫ
Letting ǫ → 0 in the above, the conclusion follows. 
The following corollary follows from the above theorem directly.
Corollary 3.5. Assume u : B1(p) → R+ is a harmonic function, where M2 is a
Riemannian manifold with Rc ≥ 0, then u(x) ≤ 1 + d(p, x)
1 − d(p, x)u(p).

Remark 3.6. We do not know the rigidity part of the above Theorem. In other
words, if sup
x∈Bs(p)
|∇u|
u
= 1
1−s +
1
1+s
for some s ∈ [0, 1), is B1(p) isometric to B1(0)?
Question 3.7. Assume u : B1(p) → R+ is a positive harmonic function, where
B1(p) ⊆ Mn with Rc ≥ 0 and n ≥ 3, for any s ∈ [0, 1), do we have
sup
Bs(p)
|∇u|
u
≤ n − 1
1 − s +
1
1 + s
?
Part II. Polynomial growth harmonic functions on manifolds
In part II of this paper, we always assume that Mn is a complete non-compact
Riemannian manifold with Rc ≥ 0 and maximal volume growth, where n ≥ 3,
unless otherwise mentioned.
4. Frequency and existence of harmonic function
From [Var81], there exists a unique, minimal, positive Green function on Mn,
denoted as G(p, x) where p is a fixed point on manifold. We define b(x) = [n(n −
2)ωn · G(p, x)]
1
2−n and use ρ(x) = d(p, x) unless otherwise mentioned. From the
behavior of Green function G(p, x) near singular point p, we get
lim
ρ(x)→0
b(x)
ρ(x)
= 1 and lim
ρ(x)→0
|∇b| = 1.(4.1)
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The following definition of frequency function was firstly introduced in [CM97a].
Assume u(x) is a harmonic function defined on {b(x) ≤ r}, define:
Iu(r) = r
1−n
∫
b(x)=r
u2|∇b|dx and Du(r) = r2−n
∫
b(x)≤r
|∇u|2dx.(4.2)
The frequency function of harmonic function u is defined by Fu(r) =
Du(r)
Iu(r)
.
In this paper, I(r), D(r) and F (r) are defined as in above with respect to har-
monic function u (which may be defined locally on suitable regions of Mn). From
the definition of Fu(r), we can get that Fu(0) = 0 if u(p) , 0.
The following lemma is a generalized version of the Rellich-Necas identity,
which was originally discovered by Payne andWeinberger [PW58] (also see [CM97a]).
Lemma 4.1. For harmonic function u on B = {x : b(x) ≤ r} ⊆ Mn, we have
r
∫
b=r
|∇u|2 · |∇b| = 2r
∫
b=r
∣∣∣∣∂u
∂~n
∣∣∣∣2 · |∇b| + ∫
b≤r
1
2
∆(b2) · |∇u|2 − ∇2(b2)(∇u,∇u),
where ~n is the unit normal of ∂B pointing inward of B.

Lemma 4.2. When I(r) , 0, we have
(
lnF (r)
)′ ≥ −
∫
b≤r
{
n
(
1 − |∇b|2) + ∣∣∣2g − ∇2(b2)∣∣∣} · |∇u|2
r
∫
b≤r |∇u|2
− 2
∫
b=r
|∂u
∂~n
|2
∣∣∣|∇b| − |∇b|−1∣∣∣∫
b≤r |∇u|2
.
Proof: From the definition of F , we have
F
′(r) =
D′(r)
I(r)
− D(r)
I2(r)
I′(r) = F (r)
{D′(r)
D(r)
− I
′(r)
I(r)
}
.
From Lemma 5.1 and Cauchy-Schwartz inequality, noting that
∫
b≤r |∇u|2 =∫
b=r
u∂u
∂~n
, we have
D′(r)
D(r)
− I
′(r)
I(r)
=
2 − n
r
+
∫
b=r
|∇u|2 |∇b|−1∫
b≤r |∇u|2
− 2
∫
b≤r |∇u|2∫
b=r
u2|∇b|
≥ 2 − n
r
+
∫
b=r
|∇u|2|∇b|−1∫
b≤r |∇u|2
− 2
∫
b=r
|∂u
∂~n
|2|∇b|−1∫
b≤r |∇u|2
=
2 − n
r
+
∫
b=r
|∇u|2|∇b|−1 − 2|∂u
∂~n
|2|∇b|∫
b≤r |∇u|2
+ 2
{ ∫
b=r
|∂u
∂~n
|2|∇b|∫
b≤r |∇u|2
−
∫
b=r
|∂u
∂~n
|2|∇b|−1∫
b≤r |∇u|2
}
.
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Note |∇b| ≤ 1 and Lemma 4.1, we have
D′(r)
D(r)
− I
′(r)
I(r)
≥ 2 − n
r
+
∫
b=r
|∇u|2 |∇b| − 2|∂u
∂~n
|2|∇b|∫
b≤r |∇u|2
+ 2
∫
b=r
|∂u
∂~n
|2(|∇b| − |∇b|−1)∫
b≤r |∇u|2
=
2 − n
r
+
1
r
·
∫
b≤r
[
1
2
∆(b2) · |∇u|2 − ∇2(b2)(∇u,∇u)
]∫
b≤r |∇u|2
+ 2
∫
b=r
|∂u
∂~n
|2(|∇b| − |∇b|−1)∫
b≤r |∇u|2
=
∫
b≤r n
[
|∇b|2 − 1
]
|∇u|2 +
[(
2g − ∇2(b2))(∇u,∇u)]
r
∫
b≤r |∇u|2
+ 2
∫
b=r
|∂u
∂~n
|2(|∇b| − |∇b|−1)∫
b≤r |∇u|2
≥ −
∫
b≤r
{
n
(
1 − |∇b|2) + ∣∣∣2g − ∇2(b2)∣∣∣} · |∇u|2
r
∫
b≤r |∇u|2
− 2
∫
b=r
|∂u
∂~n
|2
∣∣∣|∇b| − |∇b|−1∣∣∣∫
b≤r |∇u|2
,
in the last equation above we use ∆(b2) = 2n|∇b|2. 
Lemma 4.3. For any ǫ0 ∈ (0, 1), there is r0 > 0 such that if r ≥ V
1
n−2
M
(1 − ǫ0) 12−n r0,
then{
x : ρ(x) ≤ V
1
2−n
M
(1 − ǫ0)
1
2−n r
}
⊆ {x : b(x) ≤ r} ⊆
{
x : ρ(x) ≤ V
1
2−n
M
(1 + ǫ0)
1
n−2 r
}
.
Proof: From the proof of [LTW97, Theorem 1.1] (also see [CM97c]), for any
δ ∈ (0, 1
2
], we have(
VM
) 1
n−2
(
1 + τ(n, δ)
) 1
2−n
ρ(x) ≤ b(x) ≤ (VM) 1n−2 (1 − τ(n, δ)) 12−n ρ(x),
where τ(n, δ)(x) = C(n)
[
δ + (θp(δρ(x)) − θ) 1n−1
]
, and
θp(r) =
Vol(∂Br(p))
rn−1
, θ = lim
r→∞ θp(r).
For anyǫ0 ∈ (0, 1), we can firstly find δ =
ǫ0
2C(n)
, then
τ(n, δ) = C(n)δ +C(n)(θp(δρ(x)) − θ)
1
n−1 =
ǫ0
2
+C(n)
{
θp(
ǫ0
2C(n)
ρ(x)) − θ
} 1
n−1
.
Now choose suitable r0 > 0, then it yields τ(n, δ)(x) ≤ ǫ0. If ρ(x) ≥ r0, we have(
VM
) 1
n−2
(
1 + ǫ0
) 1
2−n
ρ(x) ≤ b(x) ≤ (VM) 1n−2 (1 − ǫ0) 12−nρ(x).(4.3)
From [Col12], we know that |∇b| ≤ 1. If ρ(x) ≤ r0, we get b(x) ≤ ρ(x) ≤ r0 ≤ r.
If ρ(x) ∈ [r0,V
1
2−n
M
(1 − ǫ0)
1
2−n r], then from (4.3),
b(x) ≤ V
1
n−2
M
(1 − ǫ0)
1
2−n ρ(x) ≤ r,
the first inclusion is proved.
If b(x) ≤ r, and ρ(x) > (1 + ǫ0)
1
n−2V
1
2−n
M
r, then ρ(x) > r0. From (4.3),
b(x) ≥ V
1
n−2
M
(1 + ǫ0)
1
2−n ρ(x) > r.
This is the contradiction, and the second inclusion follows. 
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Lemma 4.4. There is R = R(Mn, n) > 0, such that for any τ > 1, r ≥ R, we have
sup
b(x)≤r
|∇u|2(x) ≤ C(n, τ)
V
2
2−n
M
r−2D(τr) and sup
b≤r
|u|2 ≤ C(n, τ)
V
2
2−n
M
D(τr),
where u is harmonic with u(p) = 0.
Proof: From Lemma 4.3, choose ǫ0 =
1√
2
, there is r0 > 0 such that if r ≥
V
1
n−2
M
(1 − ǫ0)
1
2−n r0, then{
ρ ≤ V
1
2−n
M
(1 − ǫ0)
1
2−n r
}
⊆ {b ≤ r} ⊆
{
ρ ≤ V
1
2−n
M
(1 + ǫ0)
1
n−2 r
}
.(4.4)
From [LS84, Theorem 1.2] and (4.4), let τ1 = 2
1
n−2 τ > 0,
sup
b(x)≤r
|∇u|2(x) ≤ sup
B(V
1
2−n
M
(1+ǫ0)
1
n−2 r)
|∇u|2
≤ C(n, τ1)
Vol(B(τ1V
1
2−n
M
(1 + ǫ0)
1
n−2 r))
∫
B(τ1V
1
2−n
M
(1+ǫ0)
1
n−2 r)
|∇u|2
≤ C(n, τ)
VM ·
(
τ1V
1
2−n
M
(1 + ǫ0)
1
n−2 r
)n ∫
b≤τ1
(
1−ǫ2
0
) 1
n−2 r
|∇u|2
≤ C(n, τ)
V
2
2−n
M
r−2D(τr).(4.5)
Integrating (4.5) along geodesics starting at p and using u(p) = 0, we obtain
sup
b(x)≤r
|u|2(x) ≤ C(n, τ)
V
2
2−n
M
D(τr). 
Lemma 4.5. If u(x) is harmonic on B2r(p) ⊂ Mn withmax
s≤2r
Fu(s) ≤ d and u(p) = 0,
where r ≥ max{1,R(Mn, p, n)}, then sup
b≤r
|u| ≤ C(n,VM, d)rd Iu(1)
1
2 .
Proof: From Lemma 4.4, we have
sup
b≤r
|u|2 ≤ C(n)
V
2
2−n
M
D(2r), ∀r ≥ R(Mn, p, n).(4.6)
By Lemma 5.1, for any s ∈ [1, 2r], we have
I(s) = exp
(
2
∫ s
1
F (t)
t
dt
)
I(1) ≤ I(1)s2d .(4.7)
From (4.7), we have
D(s) = I(s)F (s) ≤ I(1)d · s2d, ∀ s ∈ [1, 2r].(4.8)
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By (4.8) and (4.6), we obtain
sup
b≤r
|u|2 ≤ C(n)D(2r)
V
2
2−n
M
≤ C(n,VM)I(1)dr2d = C(n,VM , d)r2d I(1).

Lemma 4.6. If there exists a sequence of non-zero harmonic functions ui(x) defined
on Bri(p) ⊆ Mn, where lim
i→∞
ri = ∞, satisfying ui(p) = 0 and max
s≤ri
Fui (s) ≤ d for
some d > 0, then there exists a non-constant polynomial growth harmonic function
u with degree ≤ d.
Proof: Consider Iui (1), if Iui (1) = 0, from the maximum principle, we know that
ui
∣∣∣
B1(p)
= 0. Applying unique continuation theorem on ui, we get ui
∣∣∣
Bri (p)
= 0,
which is the contradiction. Hence Iui (1) , 0, we can define u˜i(x) =
ui(x)
Iui (1)
1
2
.
From Lemma 5.1, we have nωnui(p)
2 = lim
r→0
Iui (r) ≤ Iui(1), which implies
|ui(p)| ≤
( Iui (1)
nωn
) 1
2
.(4.9)
From (4.9), we have
|u˜i(p)| ≤
( 1
nωn
) 1
2
, Iu˜i (1) = 1.(4.10)
From Lemma 4.5 and the assumption on ui, using (4.9), we know that
sup
B ri
2
(p)
|ui| ≤ |ui(p)| +C(n, d)rdi Iui (1)
1
2 ≤ C(n, d)rdi Iui(1)
1
2 ,
which implies sup
B ri
2
(p)
|u˜i| ≤ C(n, d)rdi . From compactness theorem of harmonic func-
tions and the above growth estimate for ui, after taking suitable subsequence, u˜i
converges to a polynomial growth harmonic function u(x) with degree ≤ d on Mn.
From (4.10), we know that u satisfies Iu(1) = 1, hence u(x) is not constant by
ui(p) = 0. The conclusion is proved. 
Proposition 4.7. For γ ≥ 1, there is R2 = R2(Mn, p, δ, γ), such that for R ≥ R2 and
harmonic function u on BR ⊆ Mn, if Iu(r) ≤ γ · Iu( r2 ) for any r ∈ [2−1R, 2R], then
sup
s∈[ 1
2
R,R]
F (s) ≤ 14 ln γ.
Proof: Step (1).From Lemma 4.4, we obtain sup
b(x)≤ r
2
|u|2(x) ≤ C(n)
V
2
2−n
M
D(5
8
r). Hence
I(
r
2
) =
( r
2
)1−n ∫
b= r
2
u2|∇b| ≤ C(n)
V
2
2−n
M
D(
5
8
r) · ( r
2
)1−n ∫
b= r
2
|∇b|
=
C(n)
V
2
2−n
M
D(
5
8
r)I1(
r
2
) = C(n)V
2
n−2
M
D(
5
8
r),(4.11)
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in the last equation we use Lemma 5.1. Also from Lemma 5.1,∫ r
14
15
r
2D(s)
s
ds = I(r) − I(14
15
r) ≤ I(r),
which implies 2
∫ r
14
15
r
sn−2D(s)ds ≤ rn−1I(r). Note sn−2D(s) is nondecreasing in s
from the definition of D(r), we get 1
7
(
14
15
r
)n−1
D(14
15
r) ≤ rn−1I(r). Combining (4.11),
simplifying the above inequality yields
D(
14
15
r) ≤ C(n)I(r) ≤ C(n)γI( r
2
) ≤ C(n)V
2
n−2
M
γD(
5
8
r).(4.12)
From Lemma 4.4, let τ =
(
16
15
) 1
3
, we have
sup
b(x)≤ 7
8
r
|∇u|2(x) ≤ C(n)V
2
n−2
M
r−2D(
14
15
r) ≤ C(n,VM)r−2γD(5
8
r)
= C(n,VM)γr
−n
∫
b≤ 5
8
r
|∇u|2,
hence we get
sup
b(x)≤s
|∇u|2(x) ≤ C(n,VM)γs−n
∫
b≤s
|∇u|2, ∀s ∈ [5
8
r,
7
8
r].
Step (2). From [CC96], given any δ > 0, there exists R1 = R1(M
n, p, δ) > 0
such that for r ≥ R1, we have
?
b(y)≤r
∣∣∣∣|∇b|2 − 1∣∣∣∣dy ≤ δ , ?
b(y)≤r
∣∣∣∣∇2(b2) − 2g∣∣∣∣dy ≤ δ.(4.13)
In the rest of the proof, we assume that R ≥ 16R1(Mn, p, δ), where δ is to be
determined later. Using (4.13), Lemma 4.2 and Step (1), for s ∈
[
5
8
r, 7
8
r
]
we have
(
lnF (s)
)′ ≥ − supb≤s |∇u|2∫
b≤s |∇u|2
{n
s
∫
b≤s
∣∣∣|∇b|2 − 1∣∣∣ + ∣∣∣2g − ∇2(b2)∣∣∣ + 2∫
b=s
∣∣∣|∇b| − |∇b|−1∣∣∣}
≥ −C(n,VM)γ ·
{∫
b≤s
∣∣∣|∇b|2 − 1∣∣∣ + ∣∣∣2g − ∇2(b2)∣∣∣
sn+1
+
∫
b=s
∣∣∣|∇b| − |∇b|−1∣∣∣
sn
}
≥ −C(n,VM)γ ·
{>
b≤s
∣∣∣|∇b|2 − 1∣∣∣ + ∣∣∣2g − ∇2(b2)∣∣∣
s
+
∫
b=s
∣∣∣|∇b| − |∇b|−1∣∣∣
rn
}
≥ −C(n,VM)γ ·
{δ
s
+
∫
b=s
∣∣∣|∇b| − |∇b|−1∣∣∣
rn
}
.
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Hence take the integral of the above inequality, we obtain∫ 7
8
r
5
8
r
(lnF (s))′ds ≥ −C(n,VM)γδ −C(n,VM)γr−n
∫
5
8
r≤b≤ 7
8
r
∣∣∣|∇b|2 − 1∣∣∣
≥ −C(n,VM)γδ −C(n,VM)γ
?
b≤ 7
8
r
∣∣∣|∇b|2 − 1∣∣∣
≥ −C(n,VM)γδ,
in the first inequality above we use the Co-area formula. Hence there exists δ0 =
δ0(n,VM , γ), such that if δ ≤ δ0,∫ 7
8
r
5
8
r
(
lnF
)′
(s)ds ≥ −1.
From Step (1) and Lemma 5.1,∫ 7
8
r
5
8
r
2F (s)
s
ds =
(
ln I(s)
)∣∣∣∣ 78 r5
8
r
≤ ln I(r)
I( r
2
)
≤ ln γ.
Hence there exists si ∈
[3
4
r, 7
8
r
]
such that F (si) ≤ 72 ln γ. For this si, similar to the
above argument, in fact we have
∫ si
s
(
lnF
)′
(t)dt ≥ −1 for any s ∈ [5
8
r, 11
16
r], which
implies
sup
s∈[ 5
8
r, 11
16
r]
F (s) ≤ eF (si) ≤ 14 ln γ, ∀r ∈ [2−1R, 2R]
then we get that sup
s∈[ 12R,R]
F (s) ≤ eF (si) ≤ 14 ln γ. 
Now we conclude this section with the proof of Theorem 1.4.
Proof: [of Theorem 1.4] Step (1). From [CC96], we know any tangent cone at
infinity of Mn is a metric cone, choose one denoted as C(X). Consider ϕ1(x) is the
eigenfunction on X with respect to eigenvalue λ1 = α1(α1 + n − 2),
∫
X
|ϕ1|2 = 1.
Let u∞ = rα1ϕ1(x), then u∞ is harmonic on C(X) and u∞(p∞) = 0.
From [Xu16, Lemma 4.1], there exist Ri → ∞, B(Ri) ⊂ Mn, such that
lim
i→∞
dGH
(
Bi(1), B∞(1)
)
= 0,
where Bi(1) ⊂ (Mn,R−2i g), B∞(1) ⊂ C(X). And ui is harmonic on Bp(Ri) = Bi(1)
satisfying the following property:
lim
i→∞
|ui ◦ Ψ∞,i − u∞|L∞(B∞(1)) = 0 , ui(p) = 0,(4.14)
where Ψ∞,i : B∞(1) → Bi(1) is an ǫi-Gromov-Hausdorff approximation, and
lim
i→∞
ǫi = 0. From Proposition 3.4 in [Hon15], we have
lim
i→∞
Iui (t) = Iu∞ (t), ∀t ∈ (0, 1].(4.15)
Step (2). Let d = α1 + 1, we will prove that there exists i0 = i0 > 0 such that if
i ≥ i0, then
(4.16) Iui (r) ≤ 22d · Iui (
r
2
), ∀r ∈ [4−1Ri,Ri].
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By contradiction. If the above statement does not hold, we can assume that there
exists a subsequence {ri} with ri ∈ [4−1Ri,Ri], such that
Iui (ri) > 2
2d · Iui (
ri
2
).(4.17)
Note R−1
i
ri ∈ [4−1, 1], without loss of generality, we can assume that there exists
a subsequence of {i}, for simplicity also denoted as {i} such that
lim
i→∞
R−1i ri = c0 ∈ [4−1, 1],(4.18)
where c0 is some constant. Taking the limit in (4.17), from (4.18) and (4.15), note
b∞ = ρ∞ on C(X), we have
c1−n0
∫
ρ∞=c0
|u∞|2dν∞ ≥ 22d
(c0
2
)1−n ∫
ρ∞=
c0
2
|u∞|2dν∞.(4.19)
From u∞ = rα1ϕ1(x) and d > α1, (4.19) implies
∫
X
|ϕ1(x)|2dx = 0, which is contra-
diction.
From (4.16) and Proposition 4.7, we get that sup
s∈[4−1Ri,2−1Ri]
Fui (s) ≤ 28d ln 2.
From quantitative strong unique continuation, we have sup
s∈[0,2−1Ri]
Fui (s) ≤ C(n, d,VM).
Now applying Lemma ??, we obtain the existence of non-constant polynomial
growth harmonic function on Mn. 
5. The frequency of linear growth harmonic functions
Lemma 5.1. If u is a harmonic function, we have I′u(r) = 2
Du(r)
r
, and
u(p) =
1
nωnrn−1
∫
b=r
u|∇b|, ∀r > 0.
Remark 5.2. The formula I′u(r) = 2
Du(r)
r
firstly appeared in [CM97a], for reader’s
convenience we include its proof here.
Proof: Firstly, we note ∂∂r =
∇b
|∇b|2 , assume the volume element of b
−1(r) is
J(b−1(r)), then we have
I′(r) = (1 − n)r−n
∫
b=r
u2|∇b| + r1−n
∫
b=r
2u〈∇u, ∇b|∇b| 〉
+ r1−n
∫
b=r
u2
(∇∇b|∇b|
|∇b|2 +
∇∇bJ(b−1(r))
|∇b|J(b−1(r))
)
dx
= 2
Du(r)
r
+ (1 − n)r−n
∫
b=r
u2|∇b| + r1−n
∫
b=r
u2
|∇b|∆b
where we use the Divergence Theorem, u is harmonic and the fact
(∇∇b |∇b|
|∇b| +
∇∇bJ(b−1(r))
J(b−1(r))
)
= ∆b. From ∆(b2−n) = 0, we have ∆b = n−1
b
|∇b|2, plug into the
above equation, we get I′u(r) = 2
Du(r)
r
.
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Similarly, we have
d
dr
(
r1−n
∫
b=r
u|∇b|
)
= (1 − n)r−n
∫
b=r
u|∇b| + r1−n
∫
b=r
〈∇u, ∇b|∇b| 〉
+ r1−n
∫
b=r
u
(∇∇b|∇b|
|∇b|2 +
∇∇bJ(b−1(r))
|∇b|J(b−1(r))
)
dx
= r1−n
∫
b≤r
∆u + (1 − n)r−n
∫
b=r
u|∇b| + r1−n
∫
b=r
u
|∇b|∆b
= (1 − n)r−n
∫
b=r
u|∇b| + r1−n
∫
b=r
u
|∇b|∆b = 0.
Finally, we get
r1−n
∫
b=r
u|∇b| = lim
r→0
r1−n
∫
b=r
u|∇b| = u(p) lim
r→0
r1−n
∫
b=r
|∇b| = u(p)nωn.

Lemma 5.3. If u(p) = 0, then Fu(0) =
1
2
min{m ≥ 0 : dm
drm
Iu(r)|r=0 , 0} ∈ Z+.
Proof: From Lemma 5.1 and by induction, it is straightforward to get
dm
drm
I(r) = r1−n
∫
b=r
|∇b| ∂
m
∂rm
(u2), ∀m ≥ 0.
Let u ≡ 1 in Lemma 5.1, we get r1−n
∫
b=r
|∇b| = nωn. Hence
lim
r→0
dm
drm
I(r) = nωn ·
∂m
∂rm
(u2)
∣∣∣
r=0
, ∀m ≥ 0.
Let j = max{s : ∂t∂rt u
∣∣∣
r=0
= 0, 0 ≤ t ≤ s} , then ∂t∂rt (u2)
∣∣∣
r=0
= 0 for all 0 ≤ t ≤
(2 j + 1), and ∂
2 j+2
∂r2 j+2
(u2)
∣∣∣
r=0
, 0. From Lemma 5.1, we know that D(r) = 1
2
r · I′(r),
hence D(2 j+2)(r)
∣∣∣
r=0
=
2 j+2
2
I(2 j+2)(r)
∣∣∣
r=0
. By the L’Hospital rule, we have F (0) =
D(2 j+2)(0)
I(2 j+2)(0)
= j + 1. 
Corollary 5.4. For any non-constant harmonic function u defined on Br(p) ⊆ Mn,
there exists C(p, r,Mn, u) < ∞ such that sup
s∈[0,r]
Fu(s) ≤ C(p, r,Mn, u).
Proof: Note if Fu(s) = ∞ for any s > 0, then u
∣∣∣
b(x)≤s = 0. From the unique
continuation property of harmonic functions, we know that u ≡ 0, it is the contra-
diction. Now the conclusion follows from Lemma 5.3 and the continuity of Fu(s)
with respect to s. 
The following lemma was proved in [Li86].
Lemma 5.5. Let Mn be a complete manifold with Rc ≥ 0. Suppose f is a bounded
subharmonic function defined on Mn, then lim
r→∞
>
Br(p)
f = sup
Mn
f .

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Lemma 5.6. For any ǫ0 ∈ (0, 1), there exists r0 > 0 such that for any r ≥ (1 −
ǫ0)
1
2−nV
1
n−2
M
r0, and harmonic function u on M
n,
(1 − ǫ0)
n
2−n
?
ρ≤(1−ǫ0)
1
2−nV
1
2−n
M
r
|∇u|2 ≤ D(r)
ωnV
2
2−n
M
r2
≤ (1 + ǫ0)
n+1
n−2
?
ρ≤(1+ǫ0)
1
n−2V
1
2−n
M
r
|∇u|2.
Proof: From Lemma 4.3, for ǫ0 > 0, there is r0 > 0 such that for any r ≥
(1 − ǫ0) 12−nV
1
n−2
M
r0, we have
D(r) = r2−n
∫
b≤r
|∇u|2 ≥ r2−n
∫
ρ≤(1−ǫ0)
1
2−nV
1
2−n
M
r
|∇u|2
≥ Vol(ρ ≤ (1 − ǫ0)
1
2−nV
1
2−n
M
r)
rn−2
?
ρ≤(1−ǫ0)
1
2−nV
1
2−n
M
r
|∇u|2
≥ (1 − ǫ0)
n
2−nωnV
2
2−n
M
r2
?
ρ≤(1−ǫ0)
1
2−nV
1
2−n
M
r
|∇u|2,
and
D(r) = r2−n
∫
b≤r
|∇u|2 ≤ r2−n
∫
ρ≤(1+ǫ0)
1
n−2V
1
2−n
M
r
|∇u|2
≤ Vol(ρ ≤ (1 + ǫ0)
1
n−2V
1
2−n
M
r)
rn−2
?
ρ≤(1+ǫ0)
1
n−2V
1
2−n
M
r
|∇u|2
≤ (1 + ǫ0)
n+1
n−2ωnV
2
2−n
M
r2
?
ρ≤(1+ǫ0)
1
n−2V
1
2−n
M
r
|∇u|2.

Proposition 5.7. For linear growth harmonic function u on Mn, lim
s→∞Fu(s) = 1.
Proof: Without loss of generality, we can assume sup
Mn
|∇u| = 1. By Bochner
formula and u is harmonic, one gets that |∇u|2 is a bounded subharmonic function.
From Lemma 5.6, for any ǫ0 ∈ (0, 1), there exists r0 > 0 such that if r ≥ r0, we
have
ψ1(ǫ0)ϕ
(
ψ2(ǫ0)V
1
2−n
M
r
)
≤ D(r)
V
2
2−n
M
r2
≤ ψ3(ǫ0)ϕ
(
ψ4(ǫ0)V
1
2−n
M
r
)
,
where ϕ(s) =
>
ρ≤s |∇u|2 and ψi(·) are functions satisfying limt→0 ψi(t) = 1, i = 1, 2, · · · .
The above inequality implies that for any s ∈ [r0, r],
ψ5(ǫ0)
s2
r2
·
ϕ
(
ψ2(ǫ0)V
1
2−n
M
s
)
ϕ
(
ψ4(ǫ0)V
1
2−n
M
r
) ≤ D(s)D(r) ≤ ψ6(ǫ0) s2r2 · ϕ
(
ψ4(ǫ0)V
1
2−n
M
s
)
ϕ
(
ψ2(ǫ0)V
1
2−n
M
r
) .
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Combining Lemma 5.5, if r0 is big enough, we have
ψ5(ǫ0)
s2
r2
(1 − ǫ0) ≤ D(s)
D(r)
≤ ψ6(ǫ0) s
2
r2
· (1 + ǫ0),
which implies ψ7(ǫ0)
s2
r2
≤ D(s)
D(r)
≤ ψ8(ǫ0)
s2
r2
. From Lemma 5.1,
F (r) =
D(r)
I(r0) +
∫ r
r0
I′(s)ds
=
D(r)
I(r0) +
∫ r
r0
2D(s)
s
ds
=
1
I(r0)
D(r)
+ 2
∫ r
r0
1
s
D(s)
D(r)
ds
.
Note I(r0) ≥ 0, if we assume r ≥ 2r0, we get
F (r) ≤ 1
2
∫ r
r0
1
s
D(s)
D(r)
ds
≤ 1
2ψ7(ǫ0)
∫ r
r0
s
r2
ds
=
ψ9(ǫ0)
1 − r
2
0
r2
,
which implies lim
r→∞F (r) ≤ ψ9(ǫ0). Letting ǫ0 → 0, we get limr→∞F (r) ≤ 1.
On the other hand, similar to the above, we get
F (r) ≥ 1
I(r0)
D(r)
+ 2ψ8(ǫ0)
∫ r
r0
s
r2
ds
≥ 1
I(r0)
ψ1(ǫ0)ϕ
(
ψ2(ǫ0)V
1
2−n
M
r
)
V
2
2−n
M
r2
+ ψ8(ǫ0)
[
1 − r
2
0
r2
] ,
which implies lim
r→∞F (r) ≥ 1. The conclusion follows. 
Recall S.-Y. Cheng [Che80] proved that any non-constant polynomial growth
harmonic function is at least linear growth. From [CCM95, Theorem 1], we know
that on Mn with Rc ≥ 0, the existence of non-constant linear growth harmonic
function implies, that any tangent cone at infinity of Mn, M∞, will split isometri-
cally as R × N. The following rigidity result links the geometric structure of Mn
with the frequency upper bound of global harmonic functions.
Corollary 5.8. For harmonic function u with u(p) = 0, if sup
s≥0
Fu(s) ≤ 1, then Mn
is isometric to Rn.
Proof: From Lemma 4.5 and F (s) ≤ 1, we know that u is linear growth. Hence
we can assume that sup
Mn
|∇u| = 1 by rescaling. From Lemma 5.1, we have I′
I
(r) =
2
r
F (r), which implies I(r) = I(1)e
∫ r
1
2F(s)
s
ds and
D(r) = I(r)F (r) = I(1)F (r)e
∫ r
1
2F(s)
s
ds.
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By Lemma 4.3 and Proposition 5.7, for any ǫ0 > 0 the followings hold:
I(1) = lim
r→∞
D(r)
F (r)e
∫ r
1
2F(s)
s
ds
= lim
r→∞
r2−n
∫
b≤r |∇u|2
F (r)e
∫ r
1
2F(s)
s
ds
≥ lim
r→∞
r2
F (r)e
∫ r
1
2F(s)
s
ds
·
∫
ρ≤(1−ǫ0)
1
2−n rV
1
2−n
M
|∇u|2
rn
= lim
r→∞
r2
F (r)e
∫ r
1
2F(s)
s
ds
· lim
r→∞
V
(
ρ ≤ rV
1
2−n
M
(1 − ǫ0) 12−n
)
rn
sup
Mn
|∇u|2
= ωnV
2
2−n
M
(1 − ǫ0)
n
2−n .
On the other hand, by u(p) = 0 and Lemma 5.3, we know lim
r→0
F (r) ≥ 1, hence
F (0) = 1 and
I(1) = lim
r→0
D(r)
F (r)e
∫ r
1
2F(s)
s
ds
≤ lim
r→0
D(r)
r2
· r
2
e
∫ r
1
2F(s)
s
ds
≤ lim
r→0
∫
b≤r |∇u|2
rn
· lim
r→0
r2
e
∫ r
1
2F(s)
s
ds
= ωn|∇u|2(p).
Combining the above, we get
|∇u|2(p) ≥ (1 − ǫ0)
n
2−nV
2
2−n
M
≥ (1 − ǫ0)
n
2−n .
Letting ǫ0 → 0 in the above, we have |∇u|2(p) ≥ 1. From the strong maximum
principle and ∆|∇u|2 ≥ 0, we get |∇u|2 ≡ 1. This implies VM = 1, hence Mn is
isometric to Rn. 
Now we present the proof of Theorem 1.5.
Proof: [of Theorem 1.5] From [LT89], dimH1(Mn) < ∞, where H1(Mn) is the
space of linear growth harmonic functions on Mn. We can assume H ′(M) = { f :
f (p) = 0, f ∈ H1(M)}, and define the inner product as
〈 f , g〉 = lim
r→∞
?
Br(p)
∇ f · ∇g,
which is well-defined by Lemma 5.5.
Assume {ui}mi=1 be an orthonormal basis of H ′(M), to prove the conclusion, we
only need to show that Fu(r) ≤ C(Mn), where u =
m∑
i=1
aiui with
m∑
i=1
|ai|2 = 1.
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For any ǫ0 > 0, there is R0 > 0 such that if t ≥ R0, we have∣∣∣∣?
B
ψk(ǫ0)V
1
2−n
M
t
(p)
∇ui · ∇u j − δi j
∣∣∣∣ ≤ ǫ0, 1 ≤ i, j ≤ m, 1 ≤ k ≤ 4,
∣∣∣∣?
B
ψk(ǫ0)V
1
2−n
M
t
(p)
|∇u|2 − 1
∣∣∣∣ ≤ m∑
i, j=1
|aia j| ·
∣∣∣∣?
B
ψk(ǫ0)V
1
2−n
M
t
(p)
∇ui · ∇u j − δi j
∣∣∣∣
≤ ǫ0
( m∑
i=1
|ai |
)2 ≤ mǫ0.
Then from Lemma 5.6, for r ≥ s ≥ R0, we get
Du(s)
Du(r)
≥ ψ1(ǫ0)s
2
ψ3(ǫ0)r2
>
B
ψ2(ǫ0)V
1
2−n
M
s
(p)
|∇u|2
>
B
ψ4(ǫ0)V
1
2−n
M
r
(p)
|∇u|2
≥ 1 − mǫ0
1 + mǫ0
ψ(ǫ0)
s2
r2
.
And if r ≥ 2R0 we get
F (r) =
1
I(R0)
D(r)
+ 2
∫ r
R0
1
s
D(s)
D(r)
ds
≤ 1
2
∫ r
R0
1
s
D(s)
D(r)
ds
≤ 1
2ψ(ǫ0)
∫ r
R0
s
r2
ds
=
ψ(ǫ0)
1 − (R0)2
r2
≤ 4
3
ψ(ǫ0).
For r ≤ 2R0, we claim that there is some C > 0 such that Fu(r) ≤ C for
any u ∈ H ′(Mn). By contradiction, if there is vi ∈ H ′(Mn) and si ≤ 2R0 such
that lim
i→∞
Fvi (si) = ∞. Without loss of generality, we can rescale vi such that
max
x∈B2R0 (p)
|∇vi(x)| = 1. From the compactness theorem for harmonic functions, we
get lim
i→∞
si = s∞ ≤ 2R0 and vi → v∞ ∈ H1(Mn), also
Fv∞ (s∞) = lim
i→∞
Fvi (si) = ∞, v∞(p) = 0, max
x∈B2R0 (p)
|∇v∞(x)| = 1,
which is the contradiction to Corollary 5.4. The conclusion follows from the above
argument. 
6. Polynomial growth harmonic functions on Perelman’s manifold
From [Din04] (also see [Xu16]), we know the existence of non-constant PGHF
on maximal volume growth manifolds with unique tangent cone at infinity. In this
section, applying the results of [Xu16], we show the existence of non-constant
PGHF on some maximal volume growth manifolds with different tangent cones at
infinity, which were constructed firstly by Perelman [Per97b].
A metric space (M∞, p∞, ρ∞) is a tangent cone at infinity of Mn if it is a
Gromov-Hausdorff limit of a sequence of rescaled manifolds (Mn, p, r−2
j
g), where
r j → ∞. By Gromov’s compactness theorem, [Gro99], any sequence r j → ∞,
has a subsequence, also denoted as r j → ∞, such that the rescaled manifolds
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(Mn, p, r−2
j
g) converge to some tangent cone at infinity M∞ in the Gromov-Hausdorff
sense. From Cheeger-Colding’s theory of Ricci limit spaces, there exists a self-
adjoint Laplace operator ∆(C(X),ν) on (C(X), ν) ∈ M (M), where ν is a measure.
And ν induces a natural measure ν−1 on X, which yields the existence of a self-
adjoint positive Laplace operator ∆(X,ν−1) on (X, ν−1).
On a metric cone (C(X), dr2 + r2dX), the measure ν is called conic measure of
power κ, and κ is a positive constant denoted as p(ν), if for any Ω ⊂⊂ C(X),
ν(Ω) =
∫ ∞
0
rκ−1dr
∫
X
χ(Ωr)dν−1
where Ωr = {z|z ∈ Ω, r(z) = r}, χ(·) is the characteristic function on C(X).
And we also define S (M) the spectrum at infinity of (Mn, g) and D(M) the
degree spectrum at infinity of (Mn, g):
S (M) := {λ| λ = λ j(X, ν−1) f or some positive interger j and (C(X), ν) ∈ M (M)}
D(M) := {α ≥ 0| α(κ + α − 2) = λ f or some λ = λ j(X, ν−1) ∈ S (M) and κ = p(ν)}
Recall the following theorem [Xu16, Theorem 4.3].
Theorem 6.1. Let (Mn, g) be a complete manifold with nonnegative Ricci curva-
ture, assume that every tangent cone at infinity of Mn with renormalized limit mea-
sure is a metric cone C(X) with conic measure of power κ ≥ 2, and H1(X) > 0. If
there exists d < D(M) and d > inf{α| α ∈ D(M), α , 0}, then dim(Hd(M)) ≥ 2.

The following lemma was implied by Perelman’s work [Per97a] (also see [AMW16]).
Lemma 6.2. For any Riemannian manifold (M4, g) with Rc(g) > 0, and assume the
boundary ∂M4 is isometric to round sphere S3, whose sectional curvature is equal
to r2
1
> 0, furthermore its principal curvatures λ(∂M4) satisfy sup
[
λ(∂M4)
]2 ≤
c21r
2
1, where c1 ∈ (0, 1) is some constant. Then the differential manifold M4
⋃
S3(S
4−
B4) carries a Riemannian metric gˆ with Rc(gˆ) > 0, where B4 is diffeomorphic to a
4-dim Euclidean ball.

To show the existence of non-constant polynomial growth harmonic functions
on Perelman’s example manifolds, we recall the construction of Perelman’s ex-
ample [Per97b] for completeness. For these manifolds with Rc ≥ 0 has maximal
volume growth, the tangent cones at infinity are not unique.
Consider the metric ds2 = dt2+gˆS3 defined on R
4, where t ≥ 0, gˆS3 = A2(t)dX2+
B2(t)dY2 +C2(t)dZ2, X, Y, Z are vector fields on S3, T = ∂
∂t
, and X, Y, Z, T satisfy
[X, T ] = [Y, T ] = [Z, T ] = 0, [X, Y] = 2Z, [Y, Z] = 2X, [Z, X] = 2Y
Now we take
A(t) =
t
10
[
1 + φ(t) sin(ln ln t)
]
, B(t) =
t
10
· 1
1 + φ(t) sin(ln ln t)
,
C(t) =
t
10
[
1 − γ(t)],
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where φ(t) is a smooth function such that
φ(t) = 0 , ∀t ∈ [0, t0],
φ(t) > 0 , ∀t > t0,
0 ≤ φ′(t) ≤ 1
t2
and |φ′′(t)| ≤ 1
t3
,
and γ(t) is a smooth function defined on [ t0
2
,∞) such that
γ(
t0
2
) = 0, γ′(t) > 0 , γ′′(t) > 0 , ∀t ∈ ( t0
2
, t0),
γ′(t) =
1
t ln
3
2 t
, ∀t > t0,
We consider the manifold (N4, ds2) =
(
R
4−B t0
2
(0), ds2
)
, where B t0
2
(0) is the metric
ball with respect to the metric ds2. One can check that Rc(N4, ds2) > 0 from the
above properties of g.
Note near ∂N4, A = B = C = t
10
, the principal curvature λ(∂N4) is − 1
t
. Because
∂N4 is round sphere, the intrinsic sectional curvatures R˜m(∂N4) of ∂N4 are 10
2
t2
.
Hence
[
λ(∂N4)
]2
= 1
100
R˜m(∂N4). Using Lemma 6.2, one gets the differential
manifold M4 = N4
⋃
S3 (S
4−B4), which admits a Riemannian metric gwith Rc(g) >
0, and g = ds2 outside of a compact subset of M4.
We can define φ∞ = lim
t→∞ φ(t) > 0 and γ∞ = limt→∞ γ(t) > 0. ThenM∞ is a family
of
(
C(X), dt2 + t2dX
)
, where X = (S3, gX)
}
with
gX =
(1 + φ∞δ
10
)2
dX2 +
( 1
10
· 1
1 + φ∞δ
)2
dY2 +
(1 − γ∞
10
)2
dZ2, ∀δ ∈ [−1, 1].
And the conic measure is of power 4 for each δ.
If we choose φ∞, γ∞ small enough, then S (M4) is a set close to the spectrum
of S3, which implies the existence of d < D(M4) satisfying d > inf D(M4). From
[Xu16, Theorem 4.3], one gets the existence of polynomial growth harmonic func-
tions on Perelman’s example manifolds.
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